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Introduction
Functionally graded material (FGM) is an advanced composite material, which is produced by a continuously graded variation of the volume fractions of the constituents [1] . Large applications of functionally graded (FG) structures have led the development of various plate theories to predict accurately their static, buckling and vibration behaviours. They are generally followed: classical plate theory (CPT) neglecting the transverse shear deformation effects ( [2] - [7] ), first-shear deformation theory (FSDT) with linear variation of displacements ( [5] , [8] - [14] ), higher-order shear deformation theory (HSDT) with higher-order variations of displacements through the plate thickness such as thirdorder shear deformation plate theory (TSDT), sinusoidal shear deformation plate theory (SSDT), hyperbolic shear deformable plate theory (HDT) ( [15] - [25] ), quasi-3D theories taking into account normal stretching effect ( [26] - [37] ). Moreover, owing to smooth variations of material properties, FG sandwich plates have recently been developed to overcome interface problems between faces and core found in conventional sandwich structures. Many plate theories have been applied to predict responses of FG sandwich plates: static behaviours ( [38] - [46] ), vibration and buckling responses ( [38] , [45] - [53] ).
In higher-order shear deformation and quasi-3D theories, transverse shear stresses are refined through the thickness, and thus no shear correction factors are required. However, the accuracy of these approaches depends on the choice of a shape function, which is studied by many authors.
The objective of this paper is to propose a new inverse trigonometric shear deformation theory for static, vibration and buckling analyses of isotropic and FG sandwich plates. It accounts for a inverse trigonometric distribution of transverse shear stress and satisfies the traction free boundary conditions. Equations of motion obtained here are solved for three types of FG plates: FG plates, sandwich plates with FG core and sandwich plates with FG faces. Closed-form solutions are obtained to predict the deflections, stresses, critical buckling loads and natural frequencies of simply supported plates. A good agreement between the obtained predictions and the available solutions of existing shear deformation theories is found to demonstrate the accuracy of the proposed theory.
Problem formulation
Consider a rectangular plate with length a, width b and uniform thickness h. The plate is assumed to be subjected to a transverse mechanical load at the top surface and a compressive in-plane load on the mid-plane of the plate. Three different types of FG plates are considered:
Type A: isotropic FG plates
The plate of Type A is graded from metal at its bottom surface to ceramic at the top one ( Fig.   1 ). The volume fraction of ceramic material V c is given as follows:
.
where p is the power-law index, which is positive and z ∈ [− 
Type B: sandwich plates with FG core
The core of this type is graded from metal to ceramic. The bottom face is made of isotropic metal, whereas the top face is isotropic ceramic. The vertical positions of the bottom and top surfaces, and of two interfaces between the layers are denoted by h 0 = − 
The variation of ceramic material through the plate thickness for (1-2-1) sandwich plate of Type B is displayed in Fig. 2a .
Type C: sandwich plates with FG faces
The faces of this type are graded from metal to ceramic. The core is made of isotropic ceramic.
The volume fraction function of ceramic phase V
given by:
The variation of ceramic material through the plate thickness for (1-2-1) sandwich plate of Type C is displayed in Fig. 2b .
Kinematics and strains
Based on a new inverse trigonometric shear deformation theory, the following displacement field is assumed:
where
and u 0 , v 0 , w 0 , θ x , θ y are five unknown displacements of the midplane of the plate.
The strain field associated with the displacement field in Eq. (4) are written under following compact form:
where g = df /dz, ϵ (0) , ϵ (1) , ϵ (2) and γ (0) are membrane strains, curvatures and transverse shear strains, respectively. They are related to the displacement field in Eq. (4) as follows:
Equations of motion
Using Hamiltons principle derives the equation of motion:
where δU , δV , δK are the variations of strain energy, work done, and kinetic energy of the plate, respectively.
The variation of strain energy is calculated by: (9) where N , M , R, and Q are the stress resultants defined by:
The variation of work done by in-plane and transverse loads is given by:
The variation of kinetic energy is determined by:
where the dot-superscript convention indicates the differentiation with respect to the time variable t, ρ(z) is the mass density, and the inertia terms I i , J i , K i are expressed by:
Substituting Eqs. (9), (11) , and (13) 
The effective material properties at the j-th layer of FG plates according to the power-law form are expressed by:
where P m and P c are the Young's modulus (E), Poisson's ratio (ν), mass densities (ρ) of metal and ceramic materials, respectively.
For elastic and isotropic FG plates, the constitutive relations can be written as
Substituting Eq. (7b) into Eq. (17a) and the subsequent results into Eqs. (10a), (10b) and (10c), the stress resultants are obtained in terms of strains as following compact form:
where A, B, D, B s , D s , H s are the stiffnesses of the FG plate given by:
Similarly, using Eqs. (7c), (17b) and (10d), the transverse shear forces can be calculated from the constitutive equations as:
or in a compact form as:
where the shear stiffnesses A s of the FG plate are defined by:
By substituting Eqs. (19) and (22) into Eq. (15), the equations of motion can be expressed in terms of displacements (u 0 , v 0 , w 0 , θ x , θ y ) as follows:
Analytical solution for simply-supported FG plates
By using the Navier solution procedure, the displacement functions that are assumed to satisfy the boundary conditions are given as follows:
where λ = mπ/a, µ = nπ/b, ω is the frequency of free vibration of the plate,
The transverse load q is also expanded in the double-Fourier sine series as:
q mn sin λx sin µy (26) where q mn =q 0 for sinusoidally distributed load. Assuming that the plate is subjected to in-plane compressive loads of form: (25) and (26) into Eq. (24), the following problem is obtained: 
Eq. (27) is a general form for bending, buckling and free vibration analysis of isotropic and FG sandwich plates under in-plane and transverse loads. In order to solve bending problem, the in-plane compressive load N 0 and mass matrix M are set to zeros. The critical buckling loads (N cr ) can be obtained from the stability problem |K ij = 0| while the free vibration problem is achieved by omitting both in-plane and transverse loads.
Numerical results and discussion
In this section, the deflections, stresses, natural frequencies and critical buckling loads of simplysupported isotropic and FG sandwich plates are presented and compared with the existing solutions to verify the accuracy of the proposed theory. Two material combinations of metal and ceramic: Al/ZrO 2 and Al/Al 2 O 3 are considered. Their material properties are given in Table 1 . For convenience, the following non-dimensional parameters are used:
It is noted that the present solution depends on the choice of parameter r of the shape function f (z).
In this paper, the optimized value is determined by a postprocessing technique based on comparisons the results of the static, buckling and vibration responses obtained from present study and those of quasi-3D and 3D theories. obtained by quasi-3D and 3D theories are reached for the value of r = 1, thus, this value will be used in this paper. quasi-3D ( [29] , [38] , [43] )) in Table 3 . It can be seen that the present solutions are found to be in very good agreement with the existing ones. A good agreement between the present solutions and references considered, especially with quasi-3D theories is found. The variation of axial and transverse shear stresses through the plate thickness for various values of the power-law index is plotted in Figs. 5a and 5b.
Results of bending analysis

Example 3:
The next example is to consider static responses of Al/ZrO 2 sandwich plates of Type C for different skin-core-skin thickness ratios. Tables 4-6 (Fig. 5c ). As expected, the maximum shear stresses is occurred at the mid-plane of (1-2-1) plate.
Results of vibration and buckling analysis
Example 4: The fundamental frequencies and critical buckling loads of Al/Al 2 O 3 plates of Type A are given in Tables 7 and 8 . The results presented in Table 8 are calculated for various configurations of plate with two types of in-plane loads: uniaxial compression (γ=0) and biaxial compressions (γ=1).
The present solutions are compared to those obtained by a TSDT [24] and a 3D model [37] . A good agreements between these models are found, even for thick plates. For example, for a/h = 2, the maximum error between present solutions with 3D ones in Table 7 are calculated for three side-to-thickness ratios a/h=5, 10 and 100 and three skin-core-skin thicknesses
(1-1-1,1-2-1 and 2-2-1). Excellent correlation is observed between the fundamental frequency obtained from the present study and that of HSDTs [52] (HSDT9 and HSDT13 are the HSDT plate models with 9 and 13 unknowns, respectively) in Table 9 . Figure 7 plots displacement shapes through the plate thickness for six vibration modes of (1-2-1) square sandwich plate with (a/h=10, p=5) and at (x = a/4, y = b/4). It can be seen that at location considered, uniform transverse deflected shapes are appeared in the modes whereas the in-plane displacement shapes are quasi-linear. Figure 6 shows the fundamental frequencies and critical buckling loads of sandwich plates with respect to the power-law index. It can be seen from this figure that they decrease with the increase of the power-law index. The lowest and highest values of natural frequency and critical buckling load correspond to the (1-0-1) and (1-2-1) sandwich plates, respectively. It is due to the fact that these plates correspond to the lowest and highest volume fractions of the ceramic phase, and thus makes them become the softest and hardest ones.
Conclusions
A new inverse trigonometric shear deformation theory has been proposed for the static bending, Figure 1 : Geometry of functionally graded plates. 
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